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The quantum correlation of light and atomic collective excitation can be used to compose an 
SU(l,l)-type hybrid light-atom interferometer, where one arm in the optical SU(1,1) interferometer 
is replaced by the atomic collective excitation. The phase-sensing probes include not only the photon 
held but also the atomic collective excitation inside the interferometer. For a coherent squeezed state 
as the phase-sensing held, the phase sensitivity can approach the Heisenberg limit under the optimal 
conditions. We also study the effects of the loss of light held and the dephasing of atomic excitation 
on the phase sensitivity. This kind of active SU(1,1) interferometer can also be realized in other 
systems, such as circuit quantum electrodynamics in microwave systems, which provides a different 
method for basic measurement using the hybrid interferometers. 
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Enhanced phase estimation is important for high- 
precision measurements of physical parameters [H-Q- In 
optical measurements, many physical parameters can be 
converted to phase measurements of the optical field 
based on interferometer. The phase-measurement preci¬ 
sion can be described by quantum Fisher information and 
the quantum Cramer-Rao bound [3, @ • The mean-square 
error in phase (j) is given by the error-propagation for¬ 
mula: Scf = AA \d{A)/d(l)\~^, where the average (A) and 
standard deviation AA = y/— {AY of an observable 
A are calculated in an optimal condition. High precisions 
based on the interferometer can be reached by reducing 
the uncertainty A A or increasing the slope d{A)/d(j), or 
aerating them at the same time. The squeezed states 
P-Q and two-mode squeezed states [13, [HI are used to 
make the noise (A^H) below vacuum noise. The slope 
can be improved by the oscillation frequency or the am¬ 
plitude enhancements of the output signal. Beating the 
standard quantum limit (SQL) based on the oscillation 
fre quen cy enhancement was realized by the NOON states 
[l2Lll3j| . The amplitude improvement of the output signal 
was realized by changing the structure of the interferom¬ 
eter, where the 50-50 beam splitters (BSs) in a tradi¬ 
tional Mach-Zehnder interferometer (MZI) were replaced 
by the optical parameter amplifiers (OPAs) fldll. This 
interferometer was introduced by Yurke et al. [l4| and 
is also called the SU(1,1) interferometer because it is de¬ 
scribed by the SU(1,1) group, as opposed to SU(2) for 
BSs. The SU(1,1) interferometry is under experimen¬ 
tal investigation by different groups [13,^3 and even 
with Bose-Einstein Condensates (BECs) [17H^ . Peise 
et al. [13] exploited the quantum Zeno effects using the 
method of interaction-free measurements and Gabbrielli 
et al. [^ realized a nonlinear three-mode interferom¬ 
eter, where the analogy of optical down conversion, the 
basic ingredient of SU(1,1) interferometry, is created with 
ultracold atoms. 

Recently, an improved theoretical scheme was pre¬ 
sented by Plick et al. [2l| who proposed to inject a 


strong coherent beam to “boost” the photon number. 
Experimental realization of this SU(1,1) interferometer 
was reported recently M- The maximum output inten¬ 
sity of this interferometer can be much higher than the 
input intensity as well as the intensity inside the inter¬ 
ferometer (the phase-sensing intensity). More recently, 
the noise performance of this interferometer was ana¬ 
lyzed [^ [^. Experimentally, under the same phase¬ 
sensing intensity condition the improvement of 4.1 dB 
in signal-to-noise ratio of this interferometer over a tra¬ 
ditional linear interferometer was observed [l^j- Due to 
the improved phase-measurement sensitivity of this in¬ 
terferometer, it was suggested for gravitational wave de¬ 
tection, but it needs strong coherent light input M- The 
very strong coherent light will generate the higher-order 
nonlinear effect and the radiation pressure noise. Com¬ 
bined with the squeezed state input, the sensitivity of 
SU(1,1) can be improved further due to the noise re¬ 
duction [23]. Collective atomic excitation due to its po¬ 
tential applications for quantum information processing, 
has attracted a great deal of interest psl - f^ . Here, we 
present an SU(l,l)-type hybrid interferometer composed 
of the light and atomic collective excitation. There are 
two advantages. One is high conversion based on the Ra¬ 
man process. The other, more important one is that the 
phase shift is from either or both the optical phase and 
the phase of the atomic collective excitation which is sen¬ 
sitive to magnetic fields due to the Zeeman effect. Such 
an interferometer should find wide applications in pre¬ 
cision measurement in atomic and optical physics. Our 
scheme presents an extension and may be a substantial 
step forward in an SU(1,1) standard optical interferome¬ 
ter. 

In the SU(l,l)-type hybrid light-atom correlated inter¬ 
ferometer discussed here, we use a Raman process to pro¬ 
duce a Stokes field together with a correlated atomic col¬ 
lective excitation; that is, one arm in the optical SU(1,1) 
interferometer is replaced by the atomic collective exci¬ 
tation. For a coherent squeezed state as a phase-sensing 
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FIG. 1: (Color online) (a) The schematic diagram of the 
SU(l,l)-type light-atom correlated interferometer. In the op¬ 
tical SU(1,1) interferometer of Yurke et al., two nonlinear 
beam splitters take the place of two linear beam splitters in 
the traditional Mach-Zehnder interferometer (MZI). Here, we 
use the Raman process (showed in the boxes) to produce a 
Stokes field cn together with a correlated atomic collective ex¬ 
citation bi (i = 1 , 2 ) which are the beam splitting elements. 
That is, in the light-atom-correlated interferometer, one arm 
is the Stokes field (solid line) and the other arm is replaced 
by the atomic collective excitation (dashed line). Two arms 
splitting and their recombination are composed of two Raman 
processes which are successively implemented inside the same 
atomic system, fio is the initial input light field. 6 o is in vac¬ 
uum or an initial atomic collective excitation which can be 
prepared by another Raman process or electromagnetically 
induced transparency process. The pump field Ep between 
the two Raman processes has a ip phase difference. The out¬ 
put optical mode <22 is detected by the homodyne detector 
Ha 2 - <p • phase shift. 


field input, the phase sensitivity can approach the Heisen¬ 
berg limit. The effects of photon loss and collisional de¬ 
phasing of the atomic excitation on the the phase sensi¬ 
tivity are analyzed. 

Let us first introduce the SU(l,I)-type hybrid light- 
atom correlated interferometer. In the optical SU(I,1) 
interferometer of Yurke et al. 0 , two nonlinear beam 
splitters take the place of two linear beam splitters in 
the traditional Mach-Zehnder interferometer (MZI). In 
the SU(l,I)-type hybrid light-atom-correlated interfer¬ 
ometer, one of two arms in the optical SU(1,I) interfer¬ 
ometer is replaced by an atomic collective excitation as 
shown in Fig. [T] In our scheme, the splitting and recom¬ 
bination of the light field and atomic collective excitation 
are composed of two Raman processes. In the first Ra¬ 
man process, similar to beams splitting process, bo is in 
vacuum, i.e., all atoms in their ground hyperfine state | 1 ) 
by optical pumping, or bo is an initial atomic collective 
excitation which can prepared by another Raman process 

H or electromagnetically induced transparency process 
. Then an off-resonant pump light Epi is applied to 
the atomic ensemble together with a phase-sensing field 
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FIG. 2: (Golor online) A lossy interferometer model. The 
loss in the optical arm is modeled by adding fictitious beam 
splitter, i.e., a) = \/T'ai(ti)e*‘^ -|- '/rV where T and R are 
the transmission and reflectance coefficients, respectively, and 
V is in vacuum. The loss in the other arm is the atomic 
collisional dephasing, i.e., 62 = + F where F is the 

collisional dephasing rate, r is the delay between two Raman 
processes, and F is the noise operator. 


So, generating stimulating Raman scattering Si together 
with a correlated atomic collective excitation bi [H, . 

At the same time, the incoming phase-sensing field So 
has been amplified by the Raman process. In the sec¬ 
ond Raman process, similar to the beams recombination 
process, the pump field P 2 together with the generated 
Stokes field Si inject the Raman system again. Before 
the Stokes field Si injects the Raman system, it is sub¬ 
ject to phase (p. After they inject the Raman system, the 
phase modulated Stokes field S 2 is generated as shown 
in Fig. m 1111,131. When the phase shift (p is 0, the light 
field and atomic collective excitation are decorrelated by 
the second Raman process. But when the phase shift cp 
is not 0 , similar to the optical interferometer, the phase- 
measurement sensitivity of this hybrid interferometer is 
improved due to signal enhancement based on Raman 
amplification, i.e., the slope of the output signal is im¬ 
proved. Compared with the realization of an SU(I,1) 
interferometry via four-wave mixing lisl . , the Raman 
process has high conversions due to the second-order non¬ 
linear process instead of the third-order nonlinear pro¬ 
cess. In addition, the proposal can also introduce the 
atomic phase via a magnetic field change into the phase 
measurement, and provide a different method for basic 
measurements in atomic and optical physics. 

Next, we analyze the two Raman processes. Consid¬ 
ering a three-level lambda-shaped atom system shown in 
the box of Fig. [U the Raman-scattering process is de¬ 
scribed by the following pair of coupled equations 111 : 

= r]ApE{t), = T]ApaP{t), (1) 

where a{t) is the light field operator, h{t) is the col¬ 
lective atomic operator, Ap is the amplitude of the 
pump field, and 77 is the coupling constant. The solu¬ 
tion of the above equation is a{t) = u{t)a{0) + v{t)b^0) 
and b{t) = u{t)b{0) + u(t)a’l'( 0 ), where u{t) = cosh( 5 ), 
v{t) = e*®sinh(g), g = \gAp\t, e*® = (Ap/Ap)^/^, and t 
is the time duration of pump field Ep. Different initial 
conditions of d( 0 ) and &( 0 ) correspond to different scat- 
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tering processes. We use different subscripts to differen¬ 
tiate the two processes, where 1 denotes the first Raman 
process (RPl) and 2 denotes the second Raman process 
(RP2). We first examine the quantum correlations be¬ 
tween the two modes Xa = {a+a^)/2 and Xi, = {h+w)/2 
of two Raman processes. The correlation of light and 
atomic collective excitation can be described by the lin¬ 
ear correlation coefficient (LCC), which is defined as [s^ 


J(X,F) 


cov(X, Y) 

((Al)2)l/2((Ai>)2)l/2’ 


( 2 ) 


where {{AX)^) = {X^) - {X)\ {{AYf) = {Y^) - {Y)\ 
and cov{X,Y) = \{{XY) + {YX)) - {X){Y) is the co- 
variance of the quadrature phase operators X and Y [s^ . 
For RPl, the LCC J{Xai,Xbi) is dependent on differ¬ 
ent initial conditions. When d(0) and 6(0) start from the 
vacuum, the first RPl created pair correlations. Here the 
pair is not a photon pair, but is composed of a photon 
and an atomic collective excitation. The LCC is given by 

J(Aai, Af,i) = cos 6 >i tanh( 25 i). (3) 




For 01 = 0 {Api is real), the maximum LCC are 
tanh(2(/i). The generated state is similar to the two¬ 
mode squeezed vacuum state |5') = '^™l''^)ph|^)Atom, 

where n is the photon number and the number of atomic 
collective excitation. If d( 0 ) and 6 ( 0 ) are initially in co¬ 
herent states, the generated state is similar to a two-mode 
squeezed coherent state [s^. After RPl, the LCC is not 
zero, which shows that a strong correlation exists be¬ 
tween the number of photon and the number of atomic 
collective excitation number. 

Then, we examine the quantum correlation of the RP2. 
After a delay time r of the RPl generation, the Stokes 
field Si together with the pumping field Ep 2 drive the 
atomic system again shown in Fig. [TJ According to the 
solutions of Eq. o, we can obtain 02 ( 62 ) = ■ 02 ( 62 ) 02 ( 0 )-!- 
' 02 ( 62 )^( 0 ) and 62 ( 62 ) = 02 ( 62 ) 62 ( 0 ) + 02 ( 62 ) 63 ( 0 ), where 
62 is the duration of the pump field Ep 2 . 62 ( 0 ) and 62 ( 0 ) 
are the initial conditions of RP2, which is from the atomic 
collective excitation and stokes field of RPl. We consider 
the collisional dephasing, which can be described by the 
factor (see Fig. mi. Then the initial condition 62 ( 0 ) 
is 


62 ( 0 ) = 61(61 )e-i’"+F, (4) 

where r is the delay and F = f{t')dt'. f(t) 

is the quantum statistical Langevin operator describing 
the collision-induced fluctuation and obeys = 

2F(5(6— 6 ') and = 0. The Stokes light di is also 

subject to photon loss, which can be equal to the effect of 
fictitious beam splitters inserted in the channel, as shown 
in Fig. [5J Considering the loss in the propagation, the 
initial condition 62 ( 0 ) is given by 

62 ( 0 ) = VTaiiti)E^ + VRV, 


FIG. 3: (Color online) The phase sensitivity (a) A(f>c and (b) 
A(j>a as a function of the number of probes Uph inside the 
interferometer with (/ = 1. The input coherent squeezed light 
with r — 2.5 


where T and R are the transmission and reflectance co¬ 
efficients, respectively, and V is in vacuum. 

Using the initial conditions given by Eqs. (g])-®, the 
generated Stokes field 62 and atomic collective excitation 
62 can be worked out: 

62(62) = 66161(0) + Vi6i(0) + '/Ru2V + V2F\ (6) 

62(62) =e-*'^ [66261 (0)+V26l(0)] + ^U2Ul'+u2F, 

(7) 


where 661 = '/TuiU2e^'^ + e~^^vlv2, Vi = y/TviU2e'^^ + 
e~^^ulv2, 662 = e“^'^UiU2e*'^ + \/TvIv2, and V2 = 
e~^'^viU2e^'^ + VTuIv2- When T = 1, Ft = 0 , it re¬ 
duced to the ideal lossless case, i.e., 661 = 662 = 66, 
Vi = V2 = V, and 66 = [cosh51 cosh+ 
sinh^i sinh5'2]e**'®^“®'^\ V = [sinh^i coshg2e*^'^^®^“®^^ + 
coshgi sinhg2]e*®^, where |6/6|^ — |V|^ = 1. When (j) = 0 
and 62 — 01 = TT, we have U = 1 and V = 0 . Therefore, 
under this condition, the LCC J{Xa2,Xb2) is 0 for any 
input states. That is, the RP 2 will ’’undo” what the RPl 
did. 

Now, we analyze the phase sensitivity of this light- 
atom correlated interferometer. In quantum phase pre¬ 
cision measurement, the phase sensitivity is defined 
by the linear error propagation 


{Achr 


{(Aor) 


( 8 ) 


(5) 


d{C>)/d(j) 
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FIG. 4: (Color online) The phase sensitivity {A(j))s as a func¬ 
tion of (a) the transmission rate T and (b) the collisional 
dephasing rate Fr with r = 2.5, No, = e^’'/4, g — 2. 


where O is the measurable operator and ((AO)^) = 
(O^) — (O)^. The output amplitude quadrature oper¬ 
ator Xa 2 = {a 2 + a\)/2 is the detected variable. If we 
use the atomic variable Xb 2 = (b 2 + h\)/2 as the detected 
variable, we also get the phase sensitivity of the same 
order. But the variable X },2 needs to read out by another 
light field. Here, we consider the balanced situation is 
gi = 52 , and 02 - 6»i = tt. 

For a coherent light |a) (|a) = Zl(a)|0), a = |a|e*®“, 
Na = and a coherent squeezed state |a. Cl (|a, C = 
I){a)S{C\0)) as the phase-sensing fields, where D{a) = 
goat-a-a ^ g(c*a=-cat^)/2^ ^ ^ 

slopes of the output amplitude quadrature operator Xa 2 
are the same and are given by 

= \/TNa cosh^ g |sin((() -|- 0 q,)| ■ (9) 

When (j)+9a = 7r/2, the maximum slope is CTNa cosh^ g. 
But the output uncertainty is different, for the coherent 
state and coherent squeezed-state input, and the uncer¬ 
tainties of the output amplitude quadrature operator Xa 2 
are given by {{AXa 2 )Cc = {\Ui? + |Vi|^)/4-b [i?|M 2 |^ + 
|w 2 |^ (l-e“^^'^)]/4, and {{AXa 2 )Cs = [\Uit (e^’'sin^ 0-1- 
e“^’'cos^ 0) + |Vi|^]/4 -I- [i? |m2|^ -I- |u2|^ (1 - e“^^'^)]/4, 
where 0 = 0^/2 -|- Ou^ with U\ = \Ui \ , in which the 

second term [R\u 2 \^ + |u 2 |^ (1 — e“^^'^)]/4 is generated 
from the loss and collosional dephasing. 

The phase sensitivities {A(j))c and {A(j))s as a function 


d{Xa2) 

d(j) 


of the phase-sensing probe number Uph are shown in Figs. 
[3Ka) andEKb), respectively. In the presence of the loss 
and collisional dephasing, the phase sensitivities can beat 
the SQL under the balanced situation. The phase sensi¬ 
tivity of the coherent squeezed-state input is more easily 
affected by the loss and collisional dephasing. Figs. HKa) 
andSKb) show the phase sensitivity {A(j))s as a function 
of the transmission rate T and the collisional dephasing 
rate Fr, respectively. Under the condition of r = 2.5, 
No, = e^’’/4, 5 = 2, when Fr ^ 0.3 or T > 0.6, the phase 
sensitivity {A(j))s can beat the SQL. Under the lossless 
ideal condition (T = 1, Fr = 0) only {A(j>)s can reach the 
Heisenberg limit (HL). Now, we give the explanations. 
Under the balanced and lossless situation, the uncer¬ 
tainty of coherent state input is {{AXa 2 )Cc = 1/4, which 
is from the vacuum fluctuation. For coherent squeezed 
state input, the uncertainty is {{AXa 2 )‘^)s = e“^’'/4 with 
0 = 0, which is below the vacuum noise. The reduced 
noise can improve the phase sensitivity. In the ideal case 
the phase sensitivities under the optimal conditions are 
given by 


(A(/)c = 

1 

1 

(10) 

\/Na 2 cosh^ 5 ’ 

(A</)s = 

1 

I 

(11) 

N" y/WZ 2 cosh^ 5 ’ 


which is improved by cosh^ g compared to the traditional 
Mach-Zehnder interferometer for the same input phase¬ 
sensing field. 

Now, we compare the optimal sensitivities given by 
Eqs. m and m with SQL (oc and HL 

(oc l/riph). Here, the phase-sensing field is not the in¬ 
put field as in the traditional MZI, but the amplified 
field inside the interferometer. Although the phase shift 
is generated on the light field, the light field and the 
atomic collective excitation are quantized. The phase¬ 
sensing probe number includes not only the photon num¬ 
ber (a|(ti)di(<i)) but also the atomic collective excita¬ 
tion number {b[{ti)bi{ti)), which is given by 

nph = Nin + NinGfip + Grp, (12) 

where Gpp = 2 sinh^ g. The second term N^Gpp on 
the right-hand side of Eq. dni) is the amplified signal 
of the input photon number due to the stimulated Ra¬ 
man process, and the last term Gpp is the number of 
amplified spontaneous-emission photons or noise. For 
the coherent squeezed-state input case, the input photon 
number fVm = (a, ^|a|(0)ai(0)|a, = |a|^-|-sinh^ r. Un¬ 

der the condition Grp 1, |a| ~ e’'/2 ~ sinhr 1, the 
total phase-sensing probe number in the interferometer 
can be written as riph — 2GRpNa- The phase sensitivity 
of Eq. (fTTIl is given by 

- TIUTTF—~ —• (13) 

2Aa(GfiP + 2) Tlph 

From Eq. (HI, with coherent squeezed state as input, 
the phase sensitivity can reach HL due to the noise reduc- 
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tion and phase-sensing field amplification. As has been 
previously pointed out, the loss is the limiting factor in 
precision measurement [l^, [svl - liflj l . When the transmis¬ 
sion T is close to 1 and the collisional dephasing rate 
Ft is very small, the sensitivity is very high and can 
approach the HL for the coherent squeezed-state input 
case, as shown in Fig. 01 Enhanced Raman scattering 
can be obtained by the initially prepared atomic spin ex¬ 
citation [H, [s^ or by injecting a seeded light field which 
is correlated with the initially prepared atomic spin ex¬ 
citation [sil, [13 . This scheme is established on the basis 
of previous studies and can be realized with high conver¬ 
sions. For Raman scattering, the number of atoms must 
be bigger than the generated photon number, which is 
easily realized for hot atoms. 

In conclusion, the correlation between light and atomic 
collective excitation can form an SU(l,l)-type hybrid 
light-atom-correlated interferometer. The sensitivity is 
improved due to the signal enhancement compared to 


the traditional MZI. When the transmission T is close 
to 1 and the collisional dephasing rate Ft is very small, 
the sensitivity of the coherent squeezed-state input can 
approach the HL under the optimal condition. This 
SU(l,l)-type hybrid light-atom-correlated interferometer 
can generalize to other systems, such as circuit quantum 
electrodynamics [dlj, which provides a different method 
for basic measurement using the hybrid interferometers. 
The scheme can be implemented with current technology. 
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